ABSTRACT. In a recent issue of this journal (ESM 50.3) Frank D. Uhlig published a very interesting article about the question of proof in linear algebra. We have been doing research in the field of mathematics education about the teaching of linear algebra since the 1980s. In this paper, we want to underline the common points in Uhlig's approach and some of our work. We also want to bring a new light on some of his ideas and give a perspective for further didactical development of Uhlig's first experiments.
The authors of this paper are researchers in mathematics education, who have been involved in several research projects on the teaching of linear algebra at the beginning of French university since the late 1980s. A book (Dorier, 2000) 2 published by Kluwer in the series Mathematics Education Library gives an overview of their work as well as of other authors from various countries.
We met Frank Uhlig during the annual meeting of the International Linear Algebra Society, in 1996. We have exchanged ideas since then and we have been very interested in his textbook (Uhlig, 2002a) which gives a very original approach to the teaching of linear algebra. The paper published recently in Educational Studies in Mathematics (Uhlig, 2002b) gives interesting clues to better appreciate the value of Uhlig's approach. Our aim in this paper is to reflect on this approach with the experience from research in mathematics education and a long practice of teaching linear algebra and analyzing this teaching.
We totally agree with Uhlig on the fact that the 'classical' teaching of linear algebra, which he characterises as the sophisticated 'DefinitionLemma-Proof-Theorem-Proof-Corollary (DLPTPC) Approach', leads to important difficulties in the students, which we have characterised as the 'obstacle of formalism'. Not only students have difficulties in understanding proofs, but they are also overwhelmed by the number of new definitions and feel like they are landing on a new planet (an expression first used by Hillel). Uhlig sees a general problem there, stemming from the lack of practice in proving in mathematics. In the French educational system, students may be better prepared for proof in mathematical teaching. Indeed, they encounter proof at the beginning of secondary school (age 13-14) in the context of elementary geometry. Using different characterisations of a parallelogram, the Pythagorean and Thales Theorems are important areas in the curriculum of geometry in French secondary schools. Moreover, the teaching of Calculus (which is more the beginning of real analysis) tends to be more formal and proof oriented at the end of secondary school and at the beginning of French science universities. For three years now, the teaching of elementary number theory is also part of the curriculum for students specialising in mathematics at the end of secondary schools.
Therefore, it seems that, indeed, students are more accustomed to proving in mathematics classes in France than they are in the US. Nonetheless, they encounter similar problems when faced with their first courses in linear algebra. This means that the difficulties with proof and formalism in understanding linear algebra are content-specific. We have worked on this question for a long time. An extensive work in the history of mathematics (Dorier, 1995a and 2000, part I) supported an epistemological reflection that led to the idea of unifying and generalizing concept, first presented in (Robert and Robinet, 1996) 3 . A unifying and generalizing concept (or theory) is characterised by the fact that it did not emerge essentially to solve a new type of problems in mathematics (like the derivative or the integral for instance). Its creation and its use by mathematicians were motivated rather by the necessity to unify and generalise methods, objects and tools, which had been independently developed in various fields. Therefore the formalism attached to a unifying and generalizing concept is constitutive of its existence and creation. This means that the formalism is not just a pure convenience of language or communication, but is an unavoidable part of the nature of the concept itself. In other words, formalism cannot be avoided when learning linear algebra; furthermore, learning linear algebra includes appreciating the value of formalism. This does not mean that unifying and generalizing concepts have no intuitive background. In fact they have several such backgrounds which result from an abstraction of the common characteristics of various objects of a less formal nature. Therefore, learning linear algebra requires that students look back to different previously learned fields of mathematics and step aside in order to have a reflective attitude towards what they already know. For instance, we share with Uhlig the idea that reflecting upon the solvability of systems of linear equations is an important starting point in order to access more formal ideas in linear algebra. A detailed description of a teaching project
